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Abstract 

We define analogs of the Jucys-Murphy elements for the affine Temperley-Lieb algebra 
and give their explicit expansion in terms of the basis of planar Brauer diagrams. These 
Jucys-Murphy elements are a family of commuting elements in the affine Temperley-Lieb 
algebra, and we compute their eigenvalues on the generic irreducible representations. We 
show that they come from Jucys-Murphy elements in the affine Hecke algebra of type A, 
which in turn come from the Casimir clement of the quantum group UhQ^n- We also give the 
explicit specializations of these results to the finite Temperley-Lieb algebra. 



1 Introduction 



The "Jucys-Murphy elements" are a family of commuting elements in the group algebra of the 
symmetric group. In characteristic 0, these elements have enough distinct eigenvalues to give a 
full analysis of the representation theory of the symmetric group [QVj . Even in positive charac- 
teristic these elements are powerful tools [K]. Similar elements are used in the Hecke algebras 
of type A and, in a strong sense, it is these elements that control the beautiful connections 
between the modular representation theory of Hecke algebras of type A and the Fock space 
representations of the affine quantum group (see jArj and [Grj ). 

Since the Temperley-Lieb algebra is a quotient of the Hecke algebra of type A it inherits 
a commuting family of elements from the Hecke algebra. In order to use these elements for 
modular representation theory it is important to have good control of the expansion in terms 
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of the standard basis of planar Brauer diagrams. In this paper we study this question, in the 
more general setting of the affine Temper ley-Lieb algebras. Specifically, we analyze a convenient 
choice of a commuting family of elements in the affine Temper ley-Lieb algebra. Our main result. 
Theorem 12.81 is an explicit expansion of these elements in the standard basis. The fact that, in 
the Templerley-Lieb algebra, these elements have integral coefficients is made explicit in Remark 
12. 9i The import of this result is that this commuting family can be used to attack questions in 
modular representation theory. 

In Section 3 we review the Schur-Weyl duality setup of Orellana and Ram |ORj which (fol- 
lowing the ideas in |Rej ) explains how commuting families in centralizer algebras arise naturally 
from Casimir elements. We explain, in detail, the cases that lead to commuting families in the 
affine Hecke algebras of type A and the affine Temperley-Lieb algebra. One new consequence 
of our analysis is an explanation of the "special" relation that is used in one of the Temperley- 
Lieb algebras of Graham and Lehrer [GL] . In our context, this relation appears naturally from 
the Schur-Weyl duality (see Proposition 13. 2p . Using the knowledge of eigenvalues of Casimir 
elements we compute the eigenvalues of the commuting families in the affine Hecke algebra and 
in the affine Temperley-Lieb algebra in the generic irreducible representations (analogues of the 
Specht, or Weyl, modules). 
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pating in research and teaching initiatives partly supported by the National Science Foundation 
under grant DMS-0353038. The research of A. Ram was also partially supported by this award. 
A significant portion of this research was done during a residency of A. Ram at the Max-Planck- 
Institut fiir Mathematik (MPI) in Bonn. He thanks the MPI for support, hospitality, and a 
wonderful working environment. The research of T. Halverson was partially supported by the 
National Science Foundation under grant DMS-0100975. 



2 Affine braid groups, Hecke and Temperley-Lieb algebras 
2.1 The Affine Braid Group Bk 

The affine braid group is the group Bk of affine braids with k strands (braids with a flagpole). 
The group Bk is presented by generators Ti,T2, . . . , Tk-i and X^'^, 



i i+1 





IKII 



and 



(2.1) 



with relations 



for i > 1, 
if > 1, 

if 1 < i < /c - 2 



(2.2) 



For 1 < i < k define 





(2.3) 



i i i i \ 
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By drawing pictures of the corresponding affine braids it is easy to check that 

X^iX^i = X^iX^\ ioi:l<i,j<k, 



(2.4) 



so that the elements X^'^, . . . , X^^ are a commuting family for Bk- Thus X = (X^* | 1 <i <k) 
is an abelian subgroup of Bk. The free abelian group generated by ei, . . . , is Z*^ and 



X = {X^ \ XeZ''} where X^ 
for A = AiEi + • • • + AfeEfc in Z'^. 



(2.5) 



Remark 2.1. An alternate presentation ofB^ can be given using the generators Tq,Ti, . . . ,Tk-i 
and T where 



= X-^^T-'...T-\ 



r 




and 



Remark 2.2. The affine braid group B^ is the affine braid group of type GL^. The affine braid 
groups of type SL^ and PGL^ are the subgroup 



Bq = {Tq,Ti, . . . ,Tk-i) and the quotient Bp 



respectively. 



Then t'^ = X ^^X ^'^ ■ ■ ■ X is a central element of Bk, tT^t ^ = Tj+i (where the indices are 
taken mod n), and tX^'t~^ = and 



Z{Bk) = {T^), Bk = {T)^BQ, 



Bp = (r) K Bq. 



di 



In Bk we have (r) = and r G Bp is defined to be the image of t under the homomorphism 
Z ^ Z/fcZ so that (f ) ^ Z/A;Z. 

2.2 The Temperley-Lieb algebra TLk{n) 

A Temperley-Lieb diagram on k dots is a graph with k dots in the top row, k dots in the bottom 
row, and k edges pairing the dots such that the graph is planar (without edge crossings). For 
example, 

^ ^ and cio = ^ 

are Temperley-Lieb diagrams on 7 dots. The composition d\ o of two diagrams di, ^2 G is 
the diagram obtained by placing d\ above d^ and identifying the bottom vertices of d\ with the 
top dots of d^ removing any connected components that live entirely in the middle row. If Tk 
is the set of Temperley-Lieb diagrams on k dots then the Temperley-Lieb algebra TL}^{n) is the 
associative algebra with basis T^^ 

TLk{n) = span{d G T^} with multiplication defined by did2 = n^{di o ^2), 

where i is the number of blocks removed from the middle row when constructing the composition 
di o ^2 and n is a fixed element of the base ring. For example, using the diagrams di and d2 
above, we have 



did2 = 
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The algebra TLk{n) is presented by generators 

i i+1 

e. = n!!!l X r^^I I' ^<i<k-l, (2.6) 

and relations ef = nei, ejCjiiei = e,, and CiCj = ejCi, if|z — j|>l (2.7) 
(see pHJl Lemma 2.8.4]). 

Remark 2.3. In the definition of the Temperley-Lieb algebra, and for other algebras defined in 
this paper, the base ring could be any one of several useful rings (e.g. C, C{q), C[[h]], Z[q,q~^], 
Z[n] or localizations of these at special primes). The most useful approach is to view the results 
of computations as valid over any ring R with n,q,h £ R such that the formulas make sense. 

2.3 The Surjection Hk{q) TLk{n) 

The affine Hecke algebra is the quotient of the group algebra of the afiine braid group CBk 
by the relations 

Tf = {q- q'^)Ti + 1, so that CBk — > Hk (2.8) 

is a surjective homomorphism (q is a fixed element of the base ring). The affine Hecke algebra 
Hk is the affine Hecke algebra of type GL^. The affine Hecke algebras of types SL^ and PGLk 
are, respectively, the quotients Hq and Hp of the group algebras of Bq and Bp (see Remark 
[22D by the relations (p:8D . 

The Iwahori-Hecke algebra is the subalgebra H^ of H^ generated by Ti, . . . ,Tfc_i. In the 
Iwahori-Hecke algebra H^, define 

ei=q-Ti, fori = l,2, (2.9) 

Direct calculations show that e'^ = {q + q~^)ei and that 616261 = 61 and 626162 = 62 if and only 
if 

q^ - q^Ti - q^T2 + qTiT2 + qT2Ti - T1T2T1 = 0. (2.10) 
Thus, setting n = [2] = q + q~^, there are surjective algebra homomorphisms given by 

V': Hkiq) Hk{q) TLk{n) 

X^i I — > 1 I — > 1 (2.11) 
Ti I — > Ti I — > q - a. 

The kernel of "0 is generated by the element on the left hand side of equation (j2.10p . In the 
notation of Theorem 14. H the representations of H^ correspond to the case when // = 0. Writing 
H^^^ as H^, the element from (|2.1U|) acts as on the irreducible Iwahori-Hecke algebra modules 

H^ and T^ , and (up to a scalar multiple) it is a projection onto T^. 

Remark 2.4. There is an alternative surjective homomorphism that instead sends Ti ^ ei — q~^. 
This alternative surjection has kernel generated by 

q-^ + q-^Ti + q-^T2 + q~^TiT2 + q~^T2Ti + T2rir2. 
This element is on T^ and Hf, and (up to a scalar multiple) it is a projection onto -ff™. 
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Remark 2.5. A priori, there are two different kinds of integrality for the Temperley-Lieb algebra: 
coefficients inZ,[n] or coefficients mZ[g,(7~^] (in terms of the basis of Temperley-Lieb diagrams). 
The relation between these is as follows. If 

[2]=q + q~^=n then q = ^(n + - 4), q"^ = ^{n - \/ {n^ - 4), 

since q'^ — nq + 1 = 0. Then 

m=l ^ ^ 

SO i/iai [/c] is a polynomial in n. The polynomials 

k —k 

n^ = (qj^q-^)^ and {k} = q^ + q~^ and \k] = - 

q-q 

all form bases of the ring C[(g + q^"^)]. The transition matrix B between the [k] and the {k} 
is triangular (with Is on the diagonal) and the transition matrix C between the and the {k} 
is also triangular (the non zero entries are binomial coefficients). Hence, the transition matrix 
BC^^ between [k] and has integer entries and so [k] is, in fact, a polynomial in n with integer 
coefficients. 



2.4 AfRne Temperley-Lieb algebras 

The affine Temperley-Lieb algebra T^ is the diagram algebra generated by 



eo 



ei 



The generators of satisfy e, 
mod k) and 



IIXII 



l<i<k-l 



TCiT 



and r 



«••••• 



ej+i (where the indices are taken 



• • • • • • 

f'xj* >> <> '> 
it ♦"^^ i> i> 

it it m'^m^ it 
it It it •rxj» 
• • • • • • 



6162 • --ek-i 



(2.12) 



■r^r_\r-i (see Remark O). 



(see [GT, 4.15(iv)]). In T^, we let X^i = T:f^T^^ 

Graham and Lehrer |GH §4.3] define four slightly different affine Temperley-Lieb algebras, 
the diagram algebra T^ and the algebras defined as follows: 

— - a ~ 

Type G-Lfe: TLy. is with the relation (j2.10p . 
Type SL^: TLl is Fgwith the relation (I2T0I1 . 
Type PGLk'. TlI is Hp with the relation (i2l0l) . 
For each invertible element a in the base ring there is a surjective homomorphism 



Hk 

T 
T,; 



tl. 



^k 
ar 



(2.13) 



and every irreducible representation of TL^. factors through one of these homomorphisms (see 
|GH Prop. 4.14(v)]). In Proposition 13.21 we shall see that these homomorphisms arise naturally 
in the Schur-Weyl duality setting. 
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2.5 A commuting family in the afRne Temperley-Lieb algebra 

- — -a 

View the elements X~^^ in the affine Temperley-Lieb algebra TL^ via the surjective algebra 
homomorphism of (j2.13p . Define 

{q- q~^)mx=q~^X-^^^ and {q - q-^)mi = q'^'^iX'^^ - q-'^X'^^'^), (2.14) 

for z = 2, 3, . . . , /c. Since X^^'^X^^i = X^'^^X^'^' for all I < i,j < k, and the rrii are linear 
combinations of the , 

- — -a 

mirrij = mjUii in TL^, for all 1 < i, j < k. 
Proposition 2.6. For 1 < i < k, 

(a) = - q^^){mi + q^^rm^i + q~'^mi-2 H h g"(*~^)mi), 

(6) X-^i + • • • + = _ + [2]mi„i + • • • + [i]mi). 

Proo/. Rewrite (I2.14|) as 

= - q-^)mi + 

and use induction, 

X-^' = - q'^)mi + - g"^)(mi_i + g"Vi_2 + • • • + g^^'^^^mi)), 

to obtain the formula for X~^' in (a). Summing the formula in (a) over i gives 

j=i j=i \ e=o J j=i £=0 

and, thus, formula (c) follows from 

i j—^ i j i i i 

q'-'-'m,.e = E E l"''^'~"^^r = E E <l'^'"''^r = Y^i-r + l]m,. 

j=l £=0 j=l r=l r=l j=r r=l 

□ 

The following Lemma is a transfer of the recursion X^' = T;_iX^'-iTj_i to the mj. The 
following are the base cases of Lemma 12.71 

q ^ X 

mi = ^X^"^^ and m2 = rr^i ~ (eiw-i + niiei) 

q — q 1 — Q 

Lemma 2.7. Let x be the constant defined by the equation eiX~^^ei = xei. For 2 < i < k, 

i-2 «-2 
mi = _ _^ ei~i - (ei_imi_i + mi_iei_i) - 2_^([i - - - £ - 2])m<.ei_i. 
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Proof. From ([l^D and ([iJ]) we have X'^' = {q'^ - ei_i)X"^'-i (g^^ - ei_i). Substituting this 
into the definition of nii gives 

{q - q-^)m^ = q'-^{X-^^ - q'^X'^^-^) = q'-^{q-^ - ei^i)X-^^-^ {q'^ - ei_i) - q'-^X'^^-^ 
= q'-^e,_iX-'^-^ei_i - q'-^{e,_iX-'^-^ + X-'^-^e,_i). 

Use Proposition 12.61 (a) to substitute for 

(q - g"^)mi = iq- g"^)g"("'+^"^)(g'^^ei_imi„iei_i - q''^ (ei-inii^i + m»_ie»_i)) 

+ {q- q-')q-^'-'Hq-'m,-2 + ■■■ + q-^'-^^m,){q^-^el, - 2q^-\,.^) 
= [q- q~^){qei-imi^iei^i - (ei_imi_i + mi_iei_i)) 

+ {q- g"^)(mi__2 + • • • + q'^''^^mi){q + q'^ - 2q'^)ei-i 
-l^ f qei-irrii^iei-i - (ei_imj_i + mj_iei_i) 

+ iq - q^^)im~2 H \- q~'-''-~^'^mi)ei-i 



(q 



which gives 



rui = qei-irrii-iei-i - (ej-im,.! + mi_iej_i) 

+ {q - q~^){mi-2 + g~^mi_3 + q~'^mi-4 H h q~^^~^^mi)ei-i. 

Using induction, substitute for the first rui-i in this equation to get 

i-2 

rui = -{ei-irrii-i + mj-iej-i) + {q- q'^) ^ g^^^^^^^^m^Ci-i 



(2.15) 



=1 



,_Q j— 3 

q 



+ q _ ^i Gi-i - 2mi-2ei-i - ^{[i - £-l]-[i-e- 3])m^ei_i 



q — q 



i-2 ''-2 

jCi-i - (ei_imi_i + rm-iei-i) - 2_^([z -£]-[%- i- 2])miei-i. 



q — q 

^ ^ 1=2 



□ 



2.6 Diagram Representation of Murphy Elements 

Label the vertices from left to right in the top row of a diagram d € with 1, 2, . . . , /c, and label 
the corresponding vertices in the bottom row with 1', 2', . • • ) The cycle type of a diagram d € 
Tfc is the set partition r(d) of {1,2,..., /c} obtained from d by setting 1 = 1', 2 = 2', . . . , /c = 
If r((i) is a set partition of the form {{1, 2, . . . , 71}, {71 + 1, //i + 2, . . . , 71 + 7 + 2}, . . . , {71 + 
• • • + 7^_i + 1, . . . , /c}}, where (71, ... , 7^) is a composition of fc, then we simplify notation by 
writing r(d) = (71, ... , 7^). For example 

d= \. has r(d) = (5,3,4). 

There are diagrams whose cycle type cannot be written as a composition (for example d = 

has cycle type {{1, 4}, {2, 3}}) but all of the diagrams needed here have cycle types that are 
compositions. 
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If 7 = (7ii • • • ) 7^) is a composition of k define 



r(d)=7 



(2.16) 



as the sum of the Temperley-Lieb diagrams on k dots with cycle type 7. Define d* be the sum 
of diagrams obtained from the summands of d-f by wrapping the first edge in each row around 
the pole, with the orientation coming from X~^'^ as shown in the examples below. When the 
first edge in the top row connects to the first vertex in the bottom row only one new diagram is 
produced, otherwise there are two. For example, in TL^, 



dsi 
di3 

d22 



+ 



+ 



•••• 



-^31 



^22 



+ ( 



mm •• 



View d.y and d* as elements of TLf^ by setting 



d-y = d. 



if 7 is a composition of i with i < k. 



With this notation, expanding the first few rrii in terms of diagrams gives 



mi 



/ ^)m-2 = xd2-q ^d*2, 
-1 J* 



{q - q^'-)m3 = qxdi^2 - q'^[2]dl^2 - + q^^d^ 
(q - q'^)m4 = q^xdi2^2 " Q^Hi^] " [11)^^^2,2 " ^[2]f^2,2 + q'H'^]dl2 

- qxdi^s + q^'^[2]dl ;^ + xd^ - q~^dl, 

{q - q-')m5 = q'xdrs,2 " q^'m " [^M,^^ " ^'^^l^S + q'Hi^] " [iD^t^a 

+ qxdi^4 - q'\2]dl^ - qx[2]di,2,2 + q^^^fdl^^^ + qx[2]d2,3 - q'\2]dl^ 

- x([3] - [l])d2,i,2 + q-\[S] - [l])dl,^2 + xMd3,2 - q-'[2]dl2 - xd, + q'^dl 

where, as in Lemma 12.71 x is the constant defined by the equation eiX'^^^ei = xei. 

Theorem 2.8. Let x be the constant defined by the equation eiX~^^ei = xei. Then (q - 
q^^)mi = q^^di, {q — q~^)m2 = xd2 — q^^d2 and, for i > 2, 



{mi)^d^ + {mi)*^d*^, 

compositions 7 



(m,)7 = (-l)l^l-^W-i- 



where the sum is over all compositions 7 = l''^ril^^r2 ■ • • l^^r^ of i with r^ > I, and 

n ([&.+2]-N), and 

bj>0,j>l 

^([6i + l]-[6i-l]) n i[bj+2]-[b,]), 

bj>0,j>l 



im)*^ = (-1) 

with ^(7) =i + bi-\ \-bi 



|7|-£(7)_ 
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Proof. From our computations above, mi = Ad^ and 7112 = Bd2 — Ad2^ where 

X 

A = — - and B = -. 

q-q ^ q-q ^ 

Let mi = Ad^. For i > 2 the recursion in Lemma 12.71 gives 

i-2 

nii = q'-'^Bei-i - (ei_imi_i + mj_iei_i) - ^([« - i] - [i - £ - 2])m^ei_i 

= q^~'^Bdl^-2 2 - {[i 3])^fi^i_2 2 - {{'mi-l)^'rd^' ,r+l + ("ii-l)*'r^7',r+l) 

i-2 

+ ^ -{[i - i- 2])((m£)y(iyp-2-<!2 + (?n.<?)y(i*/p-2-f2) • 

e=2 

So if d has cycle type 7 = l''^ril^^r2 ■ ■ ■ l^^r^ with ri > 0, then 

(a) Each part of size r (r > 1) contributes (—1)^"^ to the coefficient. Thus, there is a total 
contribution of (— 1)I'>'I~^(t) from these parts. 

(6) Each inner l'' (6 > 0) contributes a factor of + 2] — [b] to the coefficient. 

(c) The first l'' (6 > 0) contributes a -g^S in a nonstarred class, 

(c') The first 1^ (6 = 0) contributes a — in a nonstarred class, which is the same as case (c) 
with 6 = 0. 

(d) The first 1^ (6 > 0) contributes a ([6 + 1] - [6 - 1])^ in a starred class. 

{d') The first l'' (6 = 0) contributes an ^ in a starred class, which is the same as case (d) with 
6 = assuming [—1] = 0. 

□ 

Remark 2.9. To view mi, . . . , m^ in the (nonaffine) Temperley-Lieh algebra TLk{n) (via (|2.1ip ) 
let X^^^ = 1 so that x = q + q~^. If bi > 1 then d* = d-y and if bi =0 then d* = 2dy. In both 
cases the coefficients in Theorem \2.8\ specialize to 

K), + (m,); = (-i)i^i-^w-H&i + i] n ([&i + 2]-N) 

bj>0,j>l 

and 

mi = ^ {(mi)j + (mi)*) d^, 

7 

where the sum is over compositions 7 = l''^ril^'^r2 ■ ■ ■ l^^r^ of i with r^ > 1. The first few 
examples are 

q^^ q^^ 

mi = — - = —di, m2 = 62 = d2, ms = [2]di2 - d^, 

q-q q-q 

1714, = [3']di2^2 - [2]c?2,2 - [2]c?l,3 + ^4, 

ms = [4]di3,2 - [3]di2,3 + [2]di,4 - [2]2di,2,2 + [2]d2,3 - ([3] - [l])d2,i,2 + [2]d3,2 - ds- 
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3 Schur functors 



3.1 i?-matrices and quantum Casimir Elements 



Let UhQ be the Drinfeld-Jimbo quantum group corresponding to a finite dimensional complex 
semisimple Lie algebra q. We shall use the notations and conventions for UhQ as in |LRj and 
|URj . There is an invertible element 7?. = ^ Oj (8) 6j in (a suitable completion of) U^Q UhQ such 
that, for two UhQ modules M and N, the map 



Rmn- M®N 



N ®M 
hiU ® aim 



M ®N 
N ®M 



is a UhQ module isomorphism. In order to be consistent with the graphical calculus these 
operators should be written on the right. The element TZ satisfies "quasitriangularity relations" 
(see |LR|, (2.1-2.3)]) which imply that, for UhQ modules M, A'', P and a UhQ module isomorphism 

TM - M ^ M, 



M ®N 



M ®N 



M® {N®P) 



iV (g) M 

^MAf(idiV O-TAf) 

M (^N (giP 



N ®M 
(tm O idN)RMN, 



{M ®N) (g)P 
P^{M(^N) 



M (g) iV (g) P 



Rm,n®p = {Rmn ® idp)(idAr ® Rmp) 
which, together, imply the braid relation 



RM(g)N,p = (id A/ (g Rnp){Rmp ® idAf), 




P®N ®M 



P ®N ®M 



{Rmn ^ idp)(idAr g) Rmp){Rnp ® idw) = (idM (g Rnp){Rmp ^ idAr)(idp (g Pmat). 



Let p be such that {p,ai) = 1 for all simple roots Oj. As explained in |LR1 (2.14)] and |Dr] . 
there is a quantum Casimir element e~^''u in the center of UhQ and, for a module M we 
define a C//ig module isomorphism 



Cm '■ 



M 
m 



M 

{e-^P 



ujm 



M 

I Cm 

M 



and the elements Cm satisfy 

Cm-^n = {RmnRnm)^^{Cm (g Cn), 



and 



Cm = q~^'''^"'hdM 



(3.1) 
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if M is a UhQ module generated by a highest weight vector of weight A (see \LR\ Prop. 
2.14] or |Drl Prop. 3.2]). Note that (A, X + 2p) = {X + p, \ + p) - {p, p) are the eigenvalues of 
the classical Casimir operator [Dx^ 7.8.5]. From the relation (j3.1|) it follows that if M = L{p,), 
N = L{v) are finite dimensional irreducible UhQ modules then RmnRnm acts on the A isotypic 
component L(A)®'^^'' of the decomposition 



L{p) ® L{u) = ^ L(A)®''^'' by the constant q 



(A, A+2p) - (At,M+2p) - {v,v+2p) 



(3.2) 



3.2 The Bk module M ® V®^ 

Let UhQ be a quantum group and let M and V be [/-modules such that the operators Rmv-, 
RvM and Ryy are well defined. Define Ri, I <i <k - I, and R^ in End(7(M (g) V®^) by 



i?, = idM ® idf'~^^ i?vy ® id^^'^"'"^^ 



and = {RmvRvm) ® id] 



Then the braid relations 



RiRi+lRi 



Ri+lRiRi+l 



and 



RIRiRqRi — Ij^ 



imply that there is a well defined map 




RiRqRiRq. 



Endc/(Moy®'=) 

Ri, 



1< i < /c - 1, 



(3.3) 



which makes M V^'^ into a right module. By (j3.1|) and the fact that 




(3.4) 



the eigenvalues of <I>(X^' ) are related to the eigenvalues of the Casimir. The Schur functors are 
the functors 

{;Sfc-modules} 
M I — > Romu{M{X),M 



: {[/-modules} 



(3.5) 



where Hom;7(M(A),M ® y^k--^ jg vector space of highest weight vectors of weight A in 

M(g)V'^''. 
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3.3 The quantum group UhQin 



Although the Lie algebra gl„ is reductive, not semisimple, all of the general setup of Sections 
3.1 and 3.2 can be applied without change. The simple roots are ai = £{ — ej+i, 1 < i < n — 1, 
and 

p = {n- l)ei + (n - 2)e2 + • • • + Sn-i- (3.6) 
The dominant integral weights of 0l„ are 

A = Ai^i + • • • + Xn£n, where Ai > A2 > • • • > A„, and Ai, . . . , A„ € Z. 

and these index the simple finite dimensional C//i3(„-modules L{X). A partition with < n rows is a 
dominant integral weight with A„ > 0. If A„ < and A denotes the 1-dimensional "determinant" 
representation of UhQ\-n then (see |FHl §15.5]) 



L(A) = A^" (g) L(A + (-A„, . . . , -A„)) with A + (-A^, . . . , -A„) a partition. 



(3.7) 



Identify each partition A with the configuration of boxes which has Aj boxes in row i. For 
example, 



A 



5ei + 562 + 363 + 3^4 + £5 + ^6- 



(3.8) 



If II and A are partitions with ^ C A (as collections of boxes) then the skew shape X/fi is the 
collection of boxes of A that are not in For example, if A is as in (j3.8p and 



then X/fi 



If 6 is a box in position {i,j) of A the content of b is 



B 



c(6) = j — i = the diagonal number of b, so that 






1 


2 


3 


4 


-1 





1 


2 


3 


-2 


-1 







-3 


-2 


-1 


-4 

-5 







(3.9) 



are the contents of the boxes for the partition in (j3.8|) . 
If is a partition and 



V = L{n\) then L(i/) ® y = L(A), 



(3.10) 



where the sum is over all partitions A with < n rows that are obtained by adding a box to v 
\Mac\ I App. A (8.4) and I (5.16)], Hence, the C//i0l„-module decompositions of 



L(/i)0y^'= = 0L(A)®i?^^/^, kez>o, 



(3.11) 
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are encoded by the graph with 

vertices on level k: {skew shapes A//i with k boxes} 

edges: A/^ — > 7//^) if 7 is obtained from A by adding a box 

labels on edges: content of the added box. 

For example if ;U = (3, 3, 3, 2) = ^ , then the first 4 rows of H't" are 

□ 



(3.12) 







_4\ / -4 





[7 [7 CT^P UD 




The following result is well known (see [Ji] or |LR1 (4.4)]). 

Proposition 3.1. If U = UhQin ^'^'^ ^ — -^(^1) — -^(°) ^-^ n- dimensional "standard" repre- 
sentation of gi^ then the map <I> of ()3.3p factors through the surjective homomorphism (j2.8p to 
5i?;e a representation of the affine Hecke algebra. 

For a skew shape A//u with A; boxes identify paths from fj, to X/fi in ^''^ with standard 
tableaux of shape A//i by filling the boxes, successively, with 1,2, ... ,A; as they appear. In the 
example graph H^^ above 



corresponds to the path 



2|3 
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3.4 The quantum group UhQl2 



In the case when n = 2, U = UhQl2 and the partitions which appear in (|3.11|) and in the graph 
all have < 2 rows. For example if /u = (42) = | | — ' then the first few rows of H/^" are 



k = 0: 



k = 1 



k = 2 



k = 3 



k = 4 



CP 




(3.14) 



and this is the graph which describes the decompositions in (|3.11|) . 

Proposition 3.2. If U = UhQi2) ^ — -^(a*) where fi is a partition of m with < 2 rows, 
and V = L{ei) = L{n) is the 2- dimensional "standard" representation of QI2 then the map ^ 
of (jS.Sp factors through the surjective homomorphism of ()2.13p with o? = — g^™-! give a 
representation of the affine Temperley-Lieb algebra TP;. 



Proof. The proof that the kernel of <I> contains the element (j2.12p is exactly as in the proof of 
\0H\ Thm. 6.1(c)]: The element ei in acts on V^'^ as {q + q^^) ■ pr where pr is the unique 
?7/ig-invariant projection onto L(B) in V^'^. Using eiTi = —q~^ei and the pictorial equalities 



C 



C 



(T 



it follows that $2 (eiX^^TiX^i) acts as -(g + g ^)q ■ RL(^)^L(ti)^LitM),L(^)(^^Lif^)'^P^)- % 
this is equal to 



-q-\CLi,) ® C^L(B))^i)^L(B)^2(id^(,) ® ei) 

_ _g-lg-(Ai,M+2p)^-(ei+e2,Ei+e2+2p)^-l 



L(U,+,,)^2(idi(^)^ei). 



and the coefficient -g^^g"^^'^+^''^g"^^i+^2,£i+£2+2p)(-;r-i^^^^^^^^ simplifies to 

_„-l„-(A»,/i+2p) -(ei+£2,ei+e2+2p> (Ai+ei+e2,/i+ei+e2+2p> _ „2(/ii+Ai2) _ _„2m-l 



where m = + ^2 = 



□ 
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3.5 The quantum group UhSl2 

The restriction of an irreducible representation L{X) of f//i0[„ to Uh5ln is irreducible and all 
irreducible representations of UhSln are obtained in this fashion. Since the "determinant" repre- 
sentation is trivial as an UhSln module it follows from (j3.7p that the irreducible representations 
L^i^{X) of UhSln are indexed by partitions A = (Ai, . . . , A„) with A„ = 0. Hence, the graph which 
describes the ?7;iS[2-module decompositions of 



L(^) ^ ® f^/", k£Z 



>0- 



(3.15) 



is exactly the same as the graph for UhQi2 except with all columns of length 2 removed from the 
partitions. More precisely, the decompositions are encoded by the graph T^f^ with 



vertices on level k: 
edges: 



{/ii - ^l2 + k,^ll- fi2 + k-2, 
i — >£±1. 



,ni-H2- k}nz>o 

For example if m = 7 and — /i2 = 3 then the first few rows of f/^' are 



(3.16) 



k = 0: 




k = 2: 



m 



r-m 



A; = 3 



cm 







k = A: 



m 



rrm 







(3.17) 



Paths in (13.17P correspond to paths in (|3.14p which correspond to standard tableaux T of shape 
X/fi. 

4 Eigenvalues 

4.1 Eigenvalues of the X"^* in the afRne Hecke algebra 

Recall, from (|2.8|) . that the affine Hecke algebra is the quotient of the group algebra of the 
affine braid group CS^ by the relations 

Tf = {q-q~^)Ti + l. (4.1) 

As observed in Proposition 13.21 the map <I> in ()3.3p makes the module L[^) V®^ in ()3.1ip into 
an module. Thus the vector spaces lit^^ in (|3.1ip are the -fffc-modules given by 



Fy{L{p)), where Fy are the Schur functors of (j3.5p . 



The following theorem is well known (see, for example, [Chi 
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Theorem 4.1. (a) The ^ < i < k, mutually commute in the affine Hecke algebra Hk. 
(h) The eigenvalues of X'^^ are given by the graph H/^'' of (|3.13|) in the sense that if 

H^j^ = {skew shapes X/ fi with k boxes} and 
H^^^ = {standard tableaux T of shape \/ jJi} 

forXlii^ H^^, then 

H^jj^ is an index set for the simple Hk modules H^^^ appearing in L{fj,) (S) V^'^ , 

and 

hI^^ has a basis {vt \ T e H^^^} with X^'vt = g^'^^^^^^vr, 
where c{T{i)) is the content of box i ofT. 
(c) K = X^'^ • • • X^^ is a central element of Hk and 

K acts on H^^^ by the constant 



hoi ih nnTiQ-tnni n'^'^b^X/ fj. ^^^^ 



Proof, (a) is a restatement of (j2.4p . (b) Since the action and the UhQln action commute 
on L(/u) (g) y®'^ it follows that the decomposition in (j3.1ip is a decomposition as {UhQln, H^) 
bimodules, where the H^''^ are some -ff^-modules. Comparing the L{X) components on each 
side of 

L(A) h}^^ ^ L{ix) ® V'^^ = L{ii) ® y ^ ( L{u) ® ^^Z^) ® V 

A V 

= © © L{v) - (l(A) ® ( 
A A/i/=n A \/v=n 

gives 

H^^/^ - #;/^, (4.2) 

for any I € Z>o and skew shape A/// with £ boxes. Iterate (|4.2p (with I = k,k — l, . . .) to produce 
a decomposition 

Ht"= © ^f, 

where the summands HJ are 1-dimensional vector spaces. This determines a basis (unique up 
to multiplication of the basis vectors by constants) {vt \ T G H^^'^} of H^^'^ which respects the 



decompositions in (j4.2p for 1 < i < k. 

Combining (13. ip . ()3.2p and ()3.4p gives that X^' acts on the L(A) component of the decom- 
position (|3.10p by the constant 

q(\,X+2p)-(u,u+2p)-{ei,ei+2p) ^ ^2c(A/j/) 
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since if A = + e^, so that A is the same as v except with an additional box in row then 
1/ C A, A/z/ = □ and 

(A,A + 2p) - (y,v^2p) - (ei,ei + 2p) 

= (i/ + Sj, 1/ + Ej + 2p) - {v,v + 2p) - (1 + 2(n - 1)) 

= 2vj + {ej,ej + 2p) - 2n + 1 = 2vj + (1 + 2(n - j)) - 2n + 1 

= 2(z^j + 1) - 2j = 2c(A/z^). 

Hence, 

where T{i) is the box containing i in T. 

The remainder of the proof, including the simplicity of the -ff^-modules H^^^, is accomplished 
as in [RJ Thm. 4.1]. 

(c) The element X^^ ■ ■ ■ X^'' is central in Bj^ (it is a full twist) and hence its image is central in 
Hf^. The constant describing its action on H^^^ follows from the formula X^^vt = q'^'^^'^^^^'^vx- □ 

4.2 Eigenvalues of the rrii in 

Let mi, 1712, • • • ) nT-k be the commuting family in the affine Temperley-Lieb algebra as defined in 
()2.14p . We will use the results of Theorem 14.11 to determine the eigenvalues of the in the 
(generically) irreducible representations. 

Theorem 4.2. (a) The elements rrii,! < i < k, mutually commute in T^. 

(h) The eigenvalues of the elements rui are given by the graph T/^^ of p.l7p in the sense that 
if the set of vertices on level k is 

= {pi - p2 + k, pi — p2 + k - 2, . . . , pi — p2 - k} f\ Z>o, and 
fl'^ = {paths p = {^= ^ ^ > p(^) = X/^i) to X/n in f Z'^}, 

for A//i € tI^ then 

t[^ is an index set for the simple modules T^^^ appearing in L{fi) V'^'', 

and 

T^^^ has a basis {vp \ p € T^^^} 

with 

r±Ui-l) + 1]^; ifpii-^) ± 1 = p(»-2) ^ pii)^ 

I 0, otherwise, 
where p*-*^ is the partition (a single part in this case) on level i of the path p. 

(c) K = m/c + [2]mfc_i + • • • + [k]mi is a central element of and k, acts on T^^^ by the 
constant 

[A:]^^ n + q-^'^'^'^'HlXi - A2 + 2] + [Ai - As + 4] + • • • + [/.I - /i2 + k]). 
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Proof, (a) The elements commute with one another in the affine Hecke algebra (see (|2.4p 
and the rrij are by definition linear combinations of the X^* (see I2.l4|) . so they commute. 

(b) Let p be a path to A/// in and let T be the corresponding standard tableau on 2 rows. 
If pii) = pii'^) - 1 = p(»-2) _ 2 or If = + 1 = j9(^-2) + 2 then c{T{i - 1)) = c(T(i)) - 1 
and, from (|2.14|) and Theorem 14.1( b). 

g-2c(T(i)) _ q-2^-2c{T{i-l)) q-2ciT(i)) _ ^-2^-2c(T(i))+2 
rnVT = 1 VT = q' 1 VT = 0. 

q-q ^ q-q ^ 

If p(i) = p(»-2) = p(»-i) _ 1 with r(^-^) = (a, 6) then c{T{i)) = a and c{T{i - I)) = b - 2 and 

^ ^-2a_g-2g-2fe+4 

?TiiUr = g ^ VT = q ^ = -q [a -b + 1\vt, 

q-q ^ q-q ^ 

where m= \n\ = a + b-i + 1. IfpW = p(»-2) = + 1 with T^^-^) = (a, 6) then c(r(i - 1)) = 

a — 1 and c{T[i)) = 6—1 and 

„-26+2 „-2„-2a+2 -(a+b+l) ( Ja-b+l) _ -(a-b+l)\ 

i~2q —qq iq \q q j i, , n 

rriiVT = q ^ vt = q ^ ^ = q [a - b + 1]vt, 

q — q'^ q — q~^ 

where m = \fi\ = a + b — i + 1. 

(c) Let k = \X/fJ.\- The identity 

is best visible in an example: With A = (10, 6) and /u = (4, 2), 

16-2 ( 0+0+0 +0 +g-8 +g-io +^-i2 +g-i4 +^-16 +^-18 

^ V +0 +0 +^"^ +1'^ 

0+0+0 +0 +q^ +g4 +q^ +q^ +q-^ +q-^ 
+0 +0 +gi2 _^^io _^^8 _^^6 

+0 +0 +0 +0 +0 +0 +0 +0 +0 

+0 +0 (g^2_^-12) +(glO_^-10) +(^8_^-8) +(^6_^-6) 



+ 



+0 +0 +0 q-^ +g^2 ^^0 +^2 ^^4 



+0 +0 +g~^^ g^^*^ +g"* +^ 

^gl6-2^_^-(16-2^)V [^Q]^4 



^4-2+1 
\i=2 / 

Then Proposition 12.61 savs 

X-^i + ■ • • + = q-^''-^\q - q-^){mk + [2]mk-i + ■■■ + [k]mi), 
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and so ruk + [2]mfc_i + • ■ • + [k]mi acts on Tj, by the constant 

66A//X beX/n 
= {q- [ [fcjg'^^-'^i+i + £ [Ai + A2 - 2i](g - q-') j 

-m-p(0)+l -^2-1 

= [k f + q-'^{\p^^^ + 2] + [p(*^) + 4] + ■ ■ ■ + [pW +k-2] + + A;]), 

since Hi + 112 = m, fJ-i — ^2 = P^^\ Ai + A2 = m + and Ai — A2 = p^^\ 

□ 
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